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Abstract

In this paper, I propose a new methodology to find the bicriteria shortest path from the source to the sink node of a
network of queues under the steady-state condition. I assume the number of servers in each service station settled in a node
of the network is either one or infinity. Moreover, the arc lengths are mutually independent random variables. First, I pro-
pose a method to transform each node, containing a service station, into a proper stochastic arc corresponding to the wait-
ing time in the particular service station. Then, the stochastic network is transformed into a bicriteria network by
computing the mean and the variance of the waiting time in each service station and augmenting those to the transformed
arc. Finally, by defining a proper utility function, dynamic programming is used to obtain the bicriteria shortest path. The
time complexity of the proposed algorithm is O(b), considering b as the number of service stations. The proposed method is
suitable to find the shortest rout from the origin to the destination in stochastic routing problems. Moreover, this method
is useful to approximate the mean and the variance of project completion time in dynamic PERT networks.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Due to the vast applications of network of queues, it is one of the most important issues in queueing theory.
The complexity of analyzing this subject is another reason that some researchers are still investigating it from
the various points of view.

Many problems in the fields of transportation networks, production systems, computer networks and dis-
tributed processing systems are expressed in the framework of networks of queues. For example, consider the
problem of routing a ship in the ocean. In this case, nodes of the network of queues indicate the geographical
regions where the ship passes through and the ship should wait in each region (service station) for anchoring
and fuelling. The transport times from each region to the adjacent regions are assumed to be mutually inde-
pendent random variables with general distributions. The length of each path in the network is equal to the
sum of the lengths of the arcs and the nodes of this path. The length of each node is equal to the waiting time
for anchoring and fuelling in the particular region (waiting time in queue plus the processing time), and the arc
lengths are equal to the transport times between the service stations. In each region, the number of servers is
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either one or infinity. In practice, a queueing system with infinite servers indicates that there is ample capacity
so that no ship ever has to wait. Finally, we can obtain the shortest path length from the origin to the desti-
nation in this ship routing problem, considering the mean length and also its variance, as two important cri-
teria in routing problems, using the proposed method.

Azaron and Kianfar [1] proposed an exponential algorithm to find the dynamic shortest path in the ship
routing problem, but the waiting time in each region for anchoring and fuelling, which is an important factor
to compute the shortest path length, has not been considered in this paper. The proposed algorithm in this
paper can overcome this drawback.

In the proposed methodology, if a service station exists in any node of the network, then a proper stochastic
arc corresponding to the waiting time in the particular service station is augmented to the network. Then, the
length of any arc in the transformed stochastic network is replaced by two deterministic criteria corresponding
to the mean and the variance of the arc length. Finally, the best bicriteria path is found by using dynamic pro-
gramming, considering a utility function, which includes two indicated criteria.

There are several papers, which obtain a specific path as the shortest path in stochastic networks, considering
different criteria like minimum expected path length, minimum of the variance of the path length or the max-
imum probability that the shortest path length becomes smaller than a specific value. Lee and Polat [9] pre-
sented a method for solving the bicriteria network flows problems. The network flows include a wide range
of problems like transportation, maximal flow and shortest path. The efficient extreme points of the bicriteria
network are found by a combination of the bicriteria linear programming with the out-of-kilter method. Since
the decision variables of the shortest path problem are zero-one, this algorithm does not have enough efficiency
for solving the shortest path problem. The main approach for solving the multicriteria shortest path problems is
to obtain the efficient paths of the network. For example, Martins [10] found the set of efficient paths for the
bicriteria shortest path problem by using dynamic programming. Current and Min [6] provided a taxonomy
and annotation for the multicriteria networks. Wijerante et al. [11] presented a method for finding the set of
non-dominated paths from the source to the sink node. They assumed that each arc includes several criteria
and some of them might be stochastic. They replaced each stochastic criterion with two deterministic criteria
corresponding to the mean and the variance of the stochastic criterion. Then they found the set of non-dom-
inated paths by a multicriteria algorithm. Carraway et al. [5S] applied the method of generalized dynamic pro-
gramming for finding the shortest path of a bicriteria network, in which one criterion is corresponding to the
shortest path and the other criterion is corresponding to the most reliable path of the network. They proved that
DP’s monotonicity assumption is violated in this situation. Therefore, they used generalized DP, which avoids
the potential pitfalls created by this absence of monotonicity, thereby guaranteeing optimality.

Although there are several papers corresponding to the multicriteria networks and also the multicriteria
shortest path problems, but there is no paper about finding the multicriteria shortest path in networks of
queues and its applications in different fields like stochastic routing problems and also stochastic dynamic
scheduling problems.

2. Shortest path analysis in networks of queues

In this section, first I propose a method for transforming an acyclic network of queues (called original net-
work) into an equivalent stochastic network, by replacing each node containing a queueing system with a sto-
chastic arc. The length of this arc is equal to the waiting time in the queueing system located in the
corresponding node of the original network. Then, the stochastic network is transformed into a bicriteria net-
work by computing the mean and the variance of the waiting time in each queueing system and augmenting
those to the new arc.

Networks of queues that I consider in this paper include the major properties of Jackson networks includ-
ing these two properties:

1. The service times are independent random variables with general distributions, and there is only one or infi-
nite servers in each service station. Therefore, we encounter the following service stations: M/M/1, M/M/
0o, M/G[oco, M/G/1 and G/M/1.

2. The arc lengths between the service stations are independent random variables with general distributions.
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Let’s explain how to replace node k of the network of queues, which contains a queueing system, with a
stochastic arc. Assume that by,b,,...,b, are the incoming arcs to this node and d,,d,,. . .,d,, are the outgoing
arcs from it. Then, I substitute this node by arc (k’, k"), whose length is equal to the waiting time in system for
the particular queueing system. Furthermore, all arcs b; for i=1,...,n end up with k' while all arcs d; for
j=1,...,m start from node k”. Therefore, the network of queues is transformed into a stochastic network
(see Azaron and Modarres [2] for more details).

Let V' and A4 represent the sets of nodes and the arcs of the transformed stochastic network G = (V, A),
respectively. Since the length of each arc in the transformed stochastic network is equal to the waiting time
of the queueing system located in the corresponding node of the original network, we need to derive the wait-
ing time distributions of different classes of queuing systems, which will be done in the next sub-sections.

2.1. Networks of queues with MIM/1, MIM/oc and MIGloo queueing systems

Let wy(7), wa(¢) and ws(¢) represent the density functions of the waiting time in the system in M/M/1, M/ M/
oo and M/G/oc service stations, respectively. It is well known that wy(¢) is exponential with parameter (1 — A),
if / represents the arrival rate to the service station and u represents the service rate of M/M/1. The mean and
the variance of the waiting time in this queueing system are (1/(u — 1)) and (1/(x — 2))%, respectively.

W,(t) has exponential distribution with parameter p, if u represents the service rate of M/M/oco, because the
waiting time in system would be equal to the service time with exponential distribution. The mean and the
variance of the waiting time in this queueing system are (1/u) and (1/u)% respectively.

It is also clear that ws(7) = B'(¢), if B(t) represents the distribution function of service time in M/G/oo,
because there is no queue in M/G/oo. We can easily compute the moments of the waiting time in this queueing
system, taking into account B(z). It should be noted that the steady-state density function of time between two
successive departures from an M/G/oco queueing system is exponential (see Gross and Harris [7] for more
details). Therefore, the departure process from the M/G/oco queueing system is a Poisson process. The rate
of this process is equal to the arrival rate to this queueing system.

2.2. Networks of queues with MI/G/1 queueing systems

We cannot easily compute the distribution function of the waiting time in this queueing system like the pre-
vious ones, but we can compute the Laplace—Stieltjes transform of the distribution function of the waiting time
in system as follows (see Gross and Harris [7] for more details):

Wi(s) = (1 = p)sB*(s)/(s = A(1 = B'(s))),

o) = [ eram, M)

where /, p and B*(s) represent the rate of arrival process to M/G/1, the utilization factor of M/G/1 and the
Laplace-Stieltjes transform of the service time distribution function, respectively. Now, we can compute
the mean and the variance of the waiting time in system from the following equations and transfer these
two criteria to the augmented arc of the network:

wo=—d/dsW*(s)],,

%2 2 2 * *2 (2)
o2 = &AW ()] — 1

2.3. Networks of queues with GIM/1 queueing systems

This situation arises when there is a service station including one server with exponential service time along
the path after passing any M/G/1 queueing system. If the arrival to each queueing system follows a Poisson
process, then all queuing systems are Morkovian. In this case, let rj; represent the probability of movement of a
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job from node j to node i and 4; be the rate of arrival Poisson process to the service station settled in node i.
Then,

b= _rpdy i€V (3)
jev
However, if there is even one M/G/1 queueing system in the network, the subsequent queueing systems con-
nected to this one no longer face Poisson arrival processes.

It is assumed that the departure process from an M/G/1 queueing system settled in node u € ¥ has inde-
pendent increment. This assumption is reasonable, because the network is acyclic. Therefore, we can approx-
imate the departure process from node v as a non-homogeneous Poisson process with the intensity function
equal to the hazard rate function of the time between two successive departures from this queueing system. Let
B(1) and p represent the distribution function of service time and the utilization factor of the M/G/1 queueing
system settled in node u. Then, C(¢) or the distribution function of time between two successive departures
from this queueing system is given by (see Gross and Harris [7] for details):

C(1) = pB(t) + (1 — p) /0 tB(t —u)Je " du. (4)

The rate of departure process from the queueing system settled in node u or /,(¢) is equal to the hazard rate
function of the time between two successive departures from this queueing system. Therefore, 1,(¢) is given by
2ty = /1 = 1)),

Consequently, N(z) or the departure process from the queueing system settled in node u# would be a non-
homogeneous Poisson process with the intensity function 4,(f) and the following distribution:

PIN(t) =m] = e‘ﬁf*““)ds[/Otiu(s)ds]m/m! m = 0. (5)

Let N,(¢) represent the arrival process from the queueing system settled in node u to the queueing system
settled in node v € V. Thus, N(¢) would be a non-homogeneous Poisson process with the intensity function
equal to r,,4,(1), or its distribution is

PINL(t) = n] = ¢ Jorwin) [ /0 rals) ds} ,, / al 0> 0. (6)

Then, it is proved that the rate of arrival process to each G/M/1 queueing system, settled in node k € V, is
given by (see Azaron and Modarres [2] for the details of proof):

i(t) =D "rpdi(t) ke (7)

jev

The closed form (7) is quite similar to (3). After computing 4,(¢), we can compute the distribution function
of time between two successive arrivals to node k or A(¢) from the following equation:

At = 1 — ¢ Jortwan (8)

Assuming p as the service rate of the G/M/1 queueing system, we can compute 0 < xo < 1, or the unique root
of Eq. (9), by using a numerical method like the Newton—Raphson method.

Z- / eI dA(r) 0<z<1. )
0
After computing x,, we can compute the density function of sojourn time in the G/M/1 queueing system, by
(see Gross and Harris [7] for details):
w(t) = u(l — xo)e =" >0, (10)

Clearly, w(¢) has exponential distribution with parameter u(1 — x), and we can replace the queueing system
settled in this node with an exponential arc with parameter u(1 — xg). Therefore, the mean and the variance of
the waiting time in this queueing system would be (1/u(1 — x0)) and (1/u(1 — xo))?, respectively. Now, we can
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transfer these two criteria to the augmented arc of the network and finally transform the network of queues
into a bicriteria network.

3. Bicriteria path

A path =n is a sequence ([,...,I,) of two or more nodes (rn > 2), in which ([, ;1) € A for
k=1,2,...,n— 1. Let P represent the set of all paths of the network and p(j) = {r € P/I, = 0,1, =} represent
the set of all paths ending to node j from the source node.

Assume that for each arc (i,/) € 4 there is the value vector /;; = (u;;, 1/) € R?, in which y; represents the
mean and o represents the variance of the length of the arc. I define the path value function z: P — R” in
this manner: z( ) = l,,0...0l; . ,in which o is a binary operator on R*. This operator can be decomposed
in the form o = (+,+). Taking into account the mean and the variance as two indicated criteria, we have these
equations for each © € P:

z1(m) = () = pyyp, + -+ Hii
() =d*(n) =0, + -+

i in—1in"

(11)

Assume that z(j) = {z(n)/n € p(j)} is the set of all path value functions corresponding to all paths ending at
node j from the source node. Let z(1) = {z;}, in which z; = (0,0). Therefore, z,0z; = z;; for all arcs (i,j) € 4.

Since the two indicated criteria (the mean and the variance) are in conflict with each other, I define the util-
ity function u : R*> — R on the set of path value functions in this manner:

u(p, 6*) = p+ Ba?, (12)

where f§ is a non-negative constant coefficient (see Keeney and Raiffa [8] for more details about the utility
functions).
The objective is to minimize u subject to the path value functions corresponding to all paths ending at the

sink node. Therefore, if b represents the sink node of the network, we face the following optimization problem:
Min f* =u(z)
s.t. zez(b).

(13)

4. Dynamic programming approach

The application of dynamic programming for solving multiple criteria problems with a specific utility func-
tion were considered in several papers. If we can prove that the utility function satisfies the monotonicity
assumption, we can easily use dynamic programming for solving the problem (see Bellman [4] for more
details).

Unfortunately, when we encounter a multicriteria utility function, the proof is not easy. We can extend the
method of forward single criterion dynamic programming for obtaining the optimal solution, in this case. If
we prove that the utility function satisfies the monotonicity assumption, we can obtain the shortest path by
solving the following recursive equations:

f(l) =21
£0) = arg min u(z) (14)
ze{f(i)oly/(i,j) €4} j=2,....b.

Therefore, the best decision in node j is to find its best precedent node or i*(j), in which passing through arc
(i,j) € A minimizes u(z).
If we can prove the relation (15), the monotonicity assumption will be proved:

u(z) < u@) = u(zoly) <u(zoly) z,z€z(j) Vj,k eV, in which (j,k) € 4. (15)

This relation means that if we prefer the value vector z to the value vector z, then we must prefer each exten-
sion of the path with the length z to the same extension of the path with the length z.
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Lemma 1. The utility function u(u,o”) = p + Po” satisfies the monotonicity assumption.
Proof. Taking into account two indicated criteria and the utility function, without losing the generality of the
problem, we can assume:
u(z) = p+ po’,
u(z) = i+ pa’, (16)
2
i = (#ﬂm ij)'
Therefore, we have:

u(zoly) = p+ pwy + po” + Bo,

; _ _ (17)
u(Zoly) = i+ wy + B> + ﬁajz.k.
Considering:
u(z) = u+ po’ <+ Pa* = u(z). (18)
Then,
U(zoly) = i+ e + fo* + foy, < i+ wy + foa* + fo, = u(zoly) (19)

because the constant term C = p; + ﬁajz.k was added to the both sides of inequality (18) and consequently the
utility function satisfies the monotonicity assumption. [

The main steps of the proposed algorithm to find the bicriteria shortest path in the networks of queues are
as follows:

Algorithm 1

Step 1. Transform the network of queues into a stochastic network by transforming each node containing a
queueing system into a stochastic arc, whose length is equal to the waiting time in the corresponding
queueing system.

Step 2. Transform the stochastic network into a bicriteria network by computing the mean and the variance
of the waiting time in system for each service station and transferring these two criteria to the aug-
mented arc of the network. The mean and the variance of the transport times between the service sta-
tions should also be computed in this step.

Step 3. Determine the value of § in the utility function (12).

Step 4. Solve the recursive equations (14), using the dynamic programming approach.

As the worst case, consider a network of queues with b service stations settled in all nodes of the network.
We can compute Step 2 in O(b) operations. We can also compute Step 4 in O(2b — 1) operations, because after
transforming the network of queues into a bicriteria network, we need to compute f{j) in the recursive func-
tions (14) 2b — 1 times, which is equal to the number of nodes in the bicriteria network minus 1. Therefore the
time complexity of Algorithm 1 is O(b).

5. Numerical example

Consider the network of queues shown in Fig. 1.
The assumptions are as follows:

1. There is only one external arrival process to node 1 according to a Poisson process with the average of 0.8
per hour (4 =0.8).

2. There is a service station with infinite servers in node 1 whose distribution of service time is normal with
parameters (y,°) = (10, 1)(B’ (1) = N(10,1)).
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Fig. 1. Example of a network of queues.

. There is a service station with one server in node 2 whose distribution of service time is gamma with param-

eters (o, f =2,1) (B'({) =1te” " 1> 0).

. There is a service station with one server in node 3 whose distribution of service time is exponential with

parameter (u = 0.6) (B'(t) = 0.6e"*® 't >0).

. There is a service station with one server in node 4 whose distribution of service time is exponential with

parameter (u=1) (B'(1)=¢~ ‘t>0).

. There is no service station in node 5.

. The arc lengths (1,2), (1,3), (2,4), (4,5) are 0.

. The distribution of the length of arc (3,5) is normal with parameters (u,o°) = (4,2).

. The departure process from node 1 goes to one of the service stations settled in node 2 or 3 with equal

probabilities.

Now, the objective is to find the shortest path from node 1 to node 5 in this network of queues. For this

purpose, the network of queues is transformed into a bicriteria network shown in Fig. 2, using Algorithm 1.

The following illustrations are related to this bicriteria network:

. The vector corresponding to arc (1,2) indicates the mean and the variance of the waiting time in system in

M/ G/oo settled in node 1 of the original network.

. The vector corresponding to arc (2,4) indicates the mean and the variance of the waiting time in system in

M/ G/1 settled in node 2 of the original network, which are computed as follows:

y@:/ewmm:uu+w,

0

W(s) = 0.2/((145)* —0.4s — 0.8), (20)
po=—dw(s)/ds|,_, = 8,

a? =W (s)/ds?|_, — w? = 118 — 64 = 54.

. The vector corresponding to arc (2, 3) indicates the mean and the variance of the waiting time in system in

M/ M/1 settled in node 3 of the original network, which are computed as follows:
W= (1/(u—42),
o= (1/(n—A)),

=06, 1=04, (21)
w=S5,
o2 = 25.

@ (10,1) Ji\ (8,54) =m (1.14,1.30) =@

(5.25)
(42)

Fig. 2. The bicriteria network corresponding to the network of queues.
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4. The vector corresponding to arc (4,5) indicates the mean and the variance of waiting time in system in G/
M/1 settled in node 4 of the original network, which are computed as follows (in this case, the density func-
tion of the time between two successive departures from node 2 or C'(¢) is equal to the density function of
the time between two successive arrivals at node 4 or A'(z), because customers after passing node 2 of the
original network will arrive at node 4 immediately):

A'(t) = pB'(t) + (1 — p) /[B'(t — u)e M du,

B()=re, '

A=04, p=08, )
A'(t) = 0.8te™ +0.08 /t(t — u)e e 04 gy,

A'(t) =067t + 0.2260’0'4’ — 022",

After computing 4'(r) and knowing that the service rate of G/M/1 is equal to 1, we can compute x, from the
following equation:

z= / e 179(0.67te ™ +0.22e " — 0.22¢")dt, 0<z<l1,z
0

=067/(2—2>+022/(14—2) —022/(2—z), z=0.1225. (23)

As mentioned, we can compute the mean and the variance of the waiting time in the system from the fol-
lowing equations:

,U* = 1/:“(1 7x0)7
o = (1/u(1 = x)))*,

=1 (24)
xo = 0.1225,

W= 1.14,

a2 = 1.30.

5. The vector corresponding to arc (3,5) indicates the mean and the variance of the length of arc (3,5) in the
original network.

Assume that the utility function is in this form:
u(p,0®) = p+0.26% (25)

Table 1 shows the best path value function or f{j) and the value of the related utility function or u(f) and
also the best decision (precedent node) or i*(j) for each node j, which are obtained by solving the recursive
equations (14).

Table 1

The results of the numerical example

Node j S0 u(f) (j)
1 (0,0) 0 _

2 (10,1) 10.2 1

3 (15,26) 20.2 2

4 (18,55) 29 2

5 (19,28) 24.6 3
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Therefore, the optimal path in the bicriteria network is 1-2-3-5 corresponding to the path 1-3-5 of the net-
work of queues. This path is a sufficient path, because it dominates the second path of the network in both
criteria. The mean and the variance of this path are

=19,

26
o? =28. (26)

6. Conclusion

In this paper, I developed a polynomial algorithm to find the shortest path from the source to the sink node
of a network of queues in the steady-state, based on queueing theory, dynamic programming, graph theory
and also multiple criteria decision making. It was assumed that some nodes of the network contain service
stations including either one or infinite servers with general distributions of service time. Moreover, the arc
lengths among the service stations are assumed to be independent random variables with general distribution
functions. I also proved that the defined utility function satisfies the monotonicity assumption that is essential
for applying the dynamic programming for solving this bicriteria network problem.

The proposed algorithm is useful to solve the problem of routing a ship in ocean considering the waiting
time in each region for anchoring and fuelling, as mentioned in Section 1.

The proposed methodology can also be applied to approximate the mean and the variance of project comple-
tion time in dynamic Markov PERT networks, where the activity durations are exponentially distributed ran-
dom variables and the new projects are generated according to a Poisson process (see Azaron and Tavakkoli-
Moghaddam [3] for details). In this case, we just need to replace min with max in the recursive equations (14).

Even if there are parallel service stations like M/M/C and G/M/C in the network, we can still apply
Algorithm 1, because the distribution functions of the waiting time in system in these service stations are avail-
able (see Gross and Harris [7] for more details). Therefore, after computing the mean and the variance of the
waiting time in system in those service stations, the proposed algorithm is applied.
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