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Production planning under uncertain demands leads to optimisation problems that are hard both
to model and to solve. We describe an integer linear model for a template design problem under un-
certainty, and investigate its solution by a general-purpose local search algorithm for integer linear
programs. Several such algorithms have previously been proposed as tools for solving large combi-
natorial optimisation problems, and ours is based on a recent Boolean Satisfiability algorithm. In
experiments it was slower than other methods on small instances, but rapidly outstripped them as
the problem size and number of templates increased. It also found near-optimal solutions to all in-
stances much more quickly. A general-purpose local search algorithm provides a rapid and convenient
way of finding high-quality solutions to complex production problems.

1 Introduction

The probabilistic template design problem is a practically-motivated produc-
tion planning problem that is combinatorial in nature and has inherent demand
uncertainty. A range of techniques from Operations Research and Artificial In-
telligence — such as mathematical programming and constraint programming
— have been applied to such problems, but these do not always scale up to
large instances. Stochastic techniques such as evolutionary search are often
more effective on large optimisation problems. Though they are not guaran-
teed to find optimal solutions, nor to prove their optimality, they provide a
pragmatic way of quickly finding high-quality solutions. Evolutionary search is
also very convenient when one is faced with new problems: a general-purpose
evolutionary algorithm may be re-used many times, and one need only find
an effective representation for any new problem. Modelling new problems is
certainly non-trivial, but much easier than developing a new algorithm. In
this sense, evolutionary search is more convenient than traditional heuristic
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search approaches, in which one implements a new algorithm from scratch by
defining local moves and local neighborhoods.

For example, one of the earliest heuristic search algorithms was for the
Travelling Salesman Problem (TSP) (Lin and Kernighan (1973)). Each search
state is a Hamiltonian Tour of the cities, and local moves permute a small
number (usually two or three) of the cities to try to reduce the total distance
travelled. This algorithm gives very good results but is specialised to the T'SP.
For more complex problems it is much easier to model them using a more
general formalism such as integer programs, which can be solved by an off-the-
shelf branch-and-bound algorithm (see Ormond and Williams (2004) on integer
models for the asymmetric TSP, for example). Similarly, Boolean Satisfiability
(SAT) problems are usually modelled in a standard language, then solved by
open-source search algorithms based on local search or backtracking.

We propose a similar approach to production planning and related prob-
lems: modelling new problems in a simple language, then applying a fixed local
search algorithm for that language. We evaluate this approach on the problem
of template design under uncertain demand. The algorithm is not tailored to
the problem, but is a general-purpose method for finding high-quality solu-
tions to (full) integer programs. Nevertheless it gives good results on a set
of benchmark problems. Section 2 describes the template design problem. In
Section 3 a certainty-equivalent representation of the probabilistic problem is
given via scenario analysis. A local search method for solving integer programs
is presented in Section 4. In Section 5 the experimental results on the proba-
bilistic template design problem are given. Section 6 concludes the paper and
discusses future work.

2 The template design problem

First we describe the original deterministic problem, then elaborate it to prob-
abilistic demands.

2.1 Template design under deterministic demand

The template design problem was first described by Proll and Smith (1998)
who observed this problem arising at a local colour printing firm producing a
variety of products from thin board, including cartons for human and animal
food and magazine inserts.

The problem is described as follows. Given is a set of variations of a design,
with a common shape and size and such that the number of required pressings
of each variation is known. The problem is to design a set of templates, with
a common capacity to which each must be filled, by assigning one or more
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instances of a variation to each template. A design should be chosen that
minimises the total number of runs of the templates required to satisfy the
number of pressings required for each variation. As an example, the variations
might be for cartons for different flavours of cat food, such as fish or chicken,
where ten thousand fish cartons and twenty thousand chicken cartons need
to be printed. The problem would then be to design a set of templates by
assigning a number of fish and/or chicken designs to each template such that
a minimal number of runs of the templates is required to print all thirty
thousand cartons.

Proll and Smith address this problem by fixing the number of templates
and minimising the total number of pressings. Let 7 be the fixed-size set
of templates, each with capacity s, to which variations are to be assigned.
Let V be the set of variations. Each variation ¢ is described by a demand d;
that specifies the minimum number of pressings required. Proll and Smith’s
model comprises two sets of decision variables: R; denotes the number of times
template ¢ is printed, and T} ; the number % of instances assigned to template
1 of variation j, where 0 < k < s. Every template has all its s slots occupied:

VieT- Y Tj=s
JeEV

The total production of each variation is no less than its demand:

VieV. > RT;>d
€T
The possible variable values are restricted by:

T;; €{0,...,8}, R;eI®"

The objective is to minimise the total number of pressings:

S

€T

2.2 Template design under probabilistic demand

In today’s rapidly changing market environment, the deterministic demand
assumption of the template design problem is no longer realistic, and the
demand uncertainty must be addressed explicitly. Assuming that demand is
uncertain, the previous model becomes inadequate because the model will
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assume the worst case scenario for each demand. It will therefore return a
solution with very high and unrealistic cost.

To overcome this problem, Tarim and Miguel (2005) propose a probabilistic
model as follows. In this model §; denotes random demand for variation j
which follows a discrete probability distribution. In compliance with produc-
tion/inventory theory, they incorporate two conventional cost components:
scrap cost ¢j, and shortage cost ¢,. The model has only one constraint that
ensures that every template has all its s slots allocated:

VieT- Y Tj=s
JeEV

plus constraints restricting the variable values:
T,; €10,...,s}, R; eI

A possible objective, however, is to minimise the expected total cost:

E Z cpmin (0, Z RiT@j — 5J> + Z cpmax (0, Z RiT’i,j — 5]>

JEV i€l JEV €T

3 Reformulating the probabilistic problem

The probabilistic model above has two major modelling bottlenecks: it contains
random variables (J;) for expressing the probabilistic discrete demand, and
it contains non-linear terms (R;7T; ;). Next we present a certainty-equivalent,
but non-linear, model proposed in Tarim and Miguel (2005), then a new linear
model.

3.1 A certainty-equivalent model

We assume that the uncertain demand is expressed as a discrete probability
distribution function, e.g., 61 = {3(0.3),7(0.5),12(0.2)}, where the values in
parentheses represent the corresponding probability of a particular demand
value. We also let S denote the set of all possible scenarios of the demand
process, p; the probability of scenario i, dé the demand for variation j in
scenario 1, eé» the excess quantity of variation j in scenario 4, bé» the amount of
shortage of variation j in scenario 4, and x; be an auxiliary variable. The model
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has the following constraints. Every template has all its s slots occupied:

VieT- Y Tj=s
JeEV

The total production of each variation j is equal to x;:

V] ey- ZRiTi,j =Z;
€T

The total production of each variation j in each scenario is the sum of demand
plus the excess minus the shortage in that scenario:

VieV-VieS. xj=dj+e -0
The variable values are restricted by:

Tpj € {08} Ri€ I%F; zj,¢l,05 >0

The objective is to minimise:

Z Zpi(cpb} + cheé)

JEV IEeS

3.2 A linear model

From our point of view, the drawback of the previous model is its non-linearity.
We desire a model that is both deterministic and linear, so that we can ap-
ply a local search algorithm for ILP. The similarity between the well-known
cutting stock problem and the template design problem suggests that a linear
formulation based upon the use of predetermined list of possible template de-
signs is possible. However, this approach requires the generation of all feasible
template designs, the number of which grows exponentially with the problem
size. We present a new linear model that does not require the generation of
all designs.

To avoid multiplying decision variables we define new 0/1 variables a;j,
where a;j;, = 1 if and only if variation j is placed in slot & of template i.
Exactly one variation must be placed in each slot:

Zaijk =1
J
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We also define integer variables f;;; to model the contribution of slot k of
template 7 to the total number of copies of variation j. If variation j is placed
in slot k of template i then the contribution is R;, otherwise it is zero (M is
some large number):

fije < Ri + M(1 — aiji) R; < fije + M(1 — ayr) Jijk < Magjy,

The total number of variation j minus the demand is equal to the excess minus
the backlog:

D2 fur—dj =€ =
ik
The variable values are restricted by:

aijk € {0,1}; R; € IO, fijk,€5,05 >0

The objective is to minimise:
D (ene +epb))
i S

This big-M formulation would be unsuitable for solution by branch-and-bound,
because the use of large coeflicients such as M weakens the linear relaxation,
severely reducing the efficiency of branch-and-bound. This does not affect its
usefulness for other solution methods, such as a constraint-based backtracking
algorithm, but another feature does: a template design can now be represented
in an exponential number of different ways because the placement of variations
in a template can be permuted, so we have introduced a great deal of symmetry.
Thus neither an integer programmer nor a constraint programmer would be
likely to propose and test such a model (though additional constraints could
be added to the model to remove the symmetries).

However, when modelling for a local search algorithm, quite different prin-
ciples apply. A tight relaxation is unimportant, and previous work has shown
that symmetry is harmless (Prestwich (2003)). In fact trying to remove the
symmetry can be harmful, possibly because it reduces the relative size of the
basins of attraction of solutions (Prestwich and Roli (2005)). For local search
the size of the search space is less important than the number and distribu-
tion of solutions. There is therefore no reason to suppose that this model is
unsuitable for local search.
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4 Local search for ILP

A few local search algorithms for forms of integer program have been re-
ported. General purpose simulated annealing (GPSIMAN) (Connolly (1992))
is an early algorithm for 0/1 problems using Simulated Annealing (SA). From
a feasible assignment a variable is selected and its value flipped (reassigned
from 0 to 1 or vice-versa), then SA is used to restore feasibility. This approach
was generalised to integer variables by (Abramson and Randall (1999)). Pe-
droso (1998) describes an evolutionary algorithm for MIP that searches on the
integer variables, then uses linear relaxation to fix the continuous variables. A
related approach used a version of the Greedy Randomised Adaptive Search
Procedure (GRASP) (Neto and Pedroso (2004)) for MIP. GRASP is a meta-
heuristic that alternates constructive phases to find good solutions with local
search phases to find locally optimum solutions. TABU search has also been
applied to MIP, for example see Lokketangen and Glover (1995). TABU is
another meta-heuristic that prevents recent local moves from being reversed,
to improve the likelihood of escaping from a local optimum.

A great deal of research has been done on local search for SAT (see Hoos and
Stiitzle (2004) for a survey), which can be regarded as a restricted form of inte-
ger program. Modern local search algorithms for SAT routinely solve problems
with hundreds of thousands of variables and millions of clauses (constraints
on literals). An early but still successful algorithm is Walksat (McAllester et
al. (1997), Selman et al. (1994)) which works as follows. Firstly, random truth
values are assigned to all variables, so that each clause is either satisfied or
violated. A violated clause is randomly selected; with some probability p a
randomly chosen variable in the clause is flipped (has its value changed) in
a random walk move; otherwise with probability 1 — p a variable is heuristi-
cally selected and flipped in a greedy mowve; repeat until no violated clauses
remain. Tabu lists and other techniques may be added. Though very simple,
this combination of heuristics has performed well on many SAT benchmarks.

Unfortunately, on some problems Walksat can become trapped for long pe-
riods in deep local minima. To counteract this effect, clause weighting has
been introduced. Clauses are dynamically weighted, and the search algorithm
minimises the sum of the weights of the violated clauses. Clauses that are
frequently violated are assigned larger weights. Weights may be updated ad-
ditively or (borrowing a technique from machine learning) multiplicatively,
and are periodically smoothed so that the search adapts to the current region
of the search space. Dynamic clause weights were inspired by the method of
Lagrange Multipliers (Wu and Wah (2000)) and independently by work on
neural networks (Mills and Tsang (2000)). Clause weighting algorithms give
state-of-the-art results on many SAT benchmarks. A recent algorithm called
Variable Weighting (VW) (Prestwich (2005)) achieves a similar effect by dy-
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namically weighting variables instead of clauses. It also introduces a more
efficient smoothing technique, and on some problems beats both random walk
and clause weighting algorithms.

Some SAT local search algorithms have been adapted to integer programs.
WSAT(PB) (Walser (1997)) is a generalisation of the Walksat algorithm that
applies to 0/1 problems, and WSAT(OIP) (Walser et al. (1998)) is a further
generalisation to integer variables. Saturn (Prestwich (2004)) is a hybrid of
local search and constraint propagation for 0/1 problems, generalised from
an earlier SAT algorithm. The time seems ripe for exploiting the latest SAT
developments by adapting a more modern algorithm. We believe that these
algorithms are more suitable than, say, simulated annealing for problems in
which feasibility is hard to establish, as they have been developed specifically
for such problems. We shall adapt VW to an algorithm for full integer linear
programs, which we call VWILP.

4.1 The new algorithm

Without loss of generality we assume that all constraints are of the form
Zi w;v; < k. Constraints of the form > can be transformed to < by reversing
signs, and an = constraint can be decomposed to two inequalities. Similarly
we shall assume that all problems are minimisation problems, as maximisa-
tion problems can be transformed to minimisation by reversing signs in the
objective function.

VWILP is summarised in Figure 1. It begins by assigning randomly-chosen
domain values to all variables, and setting an initial upper bound Uy < co on
the linear objective function f to be minimised. It then finds a feasible solution
subject to the cost constraint f < Uy. Feasibility is established by flipping
values assigned to variables in violated constraints, until no violations remain
(the cost constraint is treated like any other constraint here). On establishing
feasibility U; is reduced to a value U;11 chosen so that the cost constraint is
just violated, then the process restarts with variables initialised to the assigned
values from the previous solution. Thus VWILP generates an improving series
of feasible solutions, and this process continues until either a time threshold
or a known lower bound is reached. We now provide details on the heuristics
used by VWILP.

4.2 Variable selection

The kernel of VWILP is its inner loop (see Figure 1), which finds a feasible
solution to a set of linear constraints on integer variables. The objective func-
tion for this subproblem is the number of violated constraints, which must
be minimised to zero. The algorithm begins by assigning a randomly-chosen
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initialise all variables to randomly selected domain values
initialise cost constraint upper bound
repeat until reaching a lower cost bound or time-out
( repeat until no constraint is violated or time-out
( randomly select a violated constraint C
heuristically select a variable V in C
heuristically flip V to reduce violation degree of C
)
reduce upper cost bound to violate cost constraint

)

Figure 1. The VWILP algorithm

domain value to each variable. At this point some constraints are violated
and others are not. It then repeatedly flips assigned variable values to remove
violations. For each flip a violated constraint is randomly selected, and one of
its variables is assigned a new value in order to satisfy the constraint — or,
if this is not possible, to reduce its violation degree. We define the violation
degree of a <-constraint as 0 if it is satisfied, otherwise as its left hand side
minus its right hand side. For example, suppose that a constraint a+b+c < 2
is violated because a = b = ¢ = 1, where variables a, b, ¢ are integer variables
with domain {0,1}. This constraint has violation degree 1 and can be satis-
fied by flipping any variable to 0. But no single flip will satisfy the constraint
a+ b+ ¢ <1 which has violation degree 2: at least two variables must be
flipped to 0. However, a single flip to 0 reduces the violation degree of the
constraint to 1. (Note that at least one improving flip is possible from any
violated constraint; if not then the constraint can never be satisfied.)

From a violated constraint, the choice of which improving flip to make is
guided by a heuristic designed to minimise the number of constraints whose
violation degree is increased by the flip. For each variable v we maintain two
integers I, and D,. Integer I, is defined as the number of constraints whose
violation degree would be increased, minus the number of constraints whose
violation degree would be decreased, if the value assigned to v were to be
incremented by 1. Integer D, denotes the same information if v were to be
decremented by 1. These integers are maintained during search: on flipping a
variable, each constraint in which it occurs is visited, and the integers associ-
ated with the other variables in the constraint are adjusted. Now on randomly
selecting a violated constraint ), w;v; < k the flip heuristic selects the vari-
able in the constraint with least penalty P,, where the penalty is defined as
follows. If w, > 0 then v must be flipped to a lower value in order to reduce the
constraint’s violation degree. If v already has its lowest possible value then it
has penalty P, = oo, otherwise it has penalty P, = D,,. Conversely, if w, < 0
then v must be flipped to a higher value. If it already has its greatest value
then it has penalty P, = 0o, otherwise it has penalty P, = [,.
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Note that P, gives a reasonable estimate of the effect of a flip on already-
violated constraints: it indicates how many constraints will become more or less
violated if v is incremented or decremented. Moreover, if v is to be incremented
or decremented by exactly 1 (which is always true of binary variables) then P,
also gives an accurate picture of the effect of flipping v on satisfied constraints:
if the flip violates a constraint then P, detects this. However, if another value
is to be assigned to v then P, is less accurate. For example, we may have I,, =0
meaning that incrementing the value of v by 1 has no effect on the violation
degree of any other constraint. But it may be the case that incrementing it
by 2 violates many satisfied constraints. More accurate information could be
maintained to handle large changes in value, but this would be more expensive
to maintain during search.

4.3 Value selection

Having selected a variable v; in a violated constraint to flip, we must decide
what value to flip it to. Suppose the left hand side of the constraint currently
has value s, the right hand side is k, the weight of v; is w;, v; currently has
value a;, and the domain of v; is the closed interval [L;, U;]. Then flipping v to
value a, = a; — (k — s)/w; would just satisfy the constraint. However, if a/ is
outside the domain of v; then we reduce the violation degree of the constraint
by choosing L, if a; < L; and U, if a} > U;. The aim of this value selection
heuristic is to choose the value for the chosen variable that just satisfies, or
most nearly satisfies, the chosen violated constraint.

As far as we know, this is a new value selection heuristic for local search on
integer models. The WSAT(OIP) algorithm instead makes small changes to
the value of v; to avoid large perturbations of the current state. In experiments
our heuristic gave better results than a WSAT (OIP)-like heuristic and other
variations.

4.4 A diversification heuristic

A further technique from the VW algorithm is added to VWILP, to improve
its ability to escape from local minima. Instead of selecting the variable with
smallest P, it selects one with smallest value of P, + ¢(F, — F/V) where ¢
is a parameter that must be tuned by trial and error (set to 4 in all our
experiments), F,, is the number of times v has been flipped in the search so
far, I is the total number of flips so far, and V' is the number of variables. The
term added to P, increases the penalty of variables that have been flipped fewer
times than the mean number F'/V, and decreases the penalty of variables that
have been flipped more than average. This is analogous to a Tabu heuristic
but escapes from some local minima more effectively (Prestwich (2005)).
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Table 1. Results with two templates

Benders VWILP A%

No | N& SP  Scen® cost optd  time® cost opt time | costf
1 3 6 10 | 285.00 y 10 | 285.00 y 230 0.00
2 3 9 10 | 285.00 y 8 | 285.00 y 990 0.00
3 4 2 10 | 480.00 y 62 | 480.00 y 4 0.00
4 4 3 10 | 332.50 y 41 | 332.50 y 6 0.00
5 4 4 10 | 322.50 y 190 | 322.50 y 196 0.00
6 4 5 10 | 401.00 n 3400 | 365.00 y 140 9.86
7 4 6 10 | 308.00 y 670 | 315.00 n 570 | -2.27
8 4 7 10 | 310.00 y 820 | 312.50 n 170 | -0.80
9 4 8 10 | 308.00 y 1800 | 310.00 n 1500 | -0.65
10 4 9 10 | 326.00 n 2900 | 310.00 n 1680 5.16
11 4 6 11 | 333.00 y 480 | 339.00 n 3500 | -1.77
12 4 6 12 | 354.00 y 1100 | 362.00 n 47 | -2.21
13 4 6 13 | 374.00 y 190 | 379.50 n 2 | -145
14 4 6 14 | 393.50 y 1300 | 396.00 n 420 | -0.63
15 4 6 15 | 407.00 y 800 | 414.50 n 3000 | -1.81
16 4 6 16 | 432.50 n 3600 | 433.25 n 44 | -0.17
17 4 6 17 | 398.25 y 540 | 400.75 n 220 | -0.62
18 4 6 18 | 377.75 y 290 | 380.75 n 740 | -0.79
19 4 6 19 | 396.75 y 1200 | 414.25 n 1700 | -4.22
20 4 6 20 | 406.75 y 400 | 409.25 n 110 | -0.61

2the number of variations

bthe number of slots

“the number of demand scenarios

d 4: optimality proved, n: not optimal, ?: optimal solution is unknown

¢ solution time is given in seconds (max. allowed solution time is 1 hour),
f A =100(VWILP — Benders)/VWILP

5 Experimental results

We use the twenty benchmarks from Tarim and Miguel (2005), each having
two templates. We compare our algorithm with the best Benders’ Decomposi-
tion approach used in Tarim and Miguel (2005) (with single cuts), which was
easily the most efficient compared to two other Benders variants (complete
and multiple cuts) and a Stochastic Constraint Programming method. For
each benchmark we allow Benders and VWILP to run for a maximum of one
hour on a 2GHz Intel Centrino, 1GB RAM machine. Benders is a complete
method so it may terminate earlier if it finds an optimal solution. VWILP is
incomplete but we terminate it earlier if it reaches a known optimal solution
(found by Benders). VWILP used an initial upper bound for each instance,
calculated by adopting a zero-production policy. In our zero-production pol-
icy the number of prints for each template is set to zero; in other words, it
is planned to have a backlog (or expedite) and incur a shortage cost for any
realised demand. It is clear that, although the zero-production policy is an
inferior one, it always yields a valid upper bound for any instance.

As explained in Section 4, we adapt VW to an algorithm called VWILP
for full integer linear programs, in which decision variables are required to
have finite domains. In order to comply with this assumption all continuous
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variables are declared as integers via a scaling-up of 100, hence guaranteeing
an accuracy of ﬁ of a unit, and restricted to values 0 — 9, 999.

The results in Table 1 show that VWILP is not very competitive with the
best Benders method at finding optimum solutions. The A figures show the
percentage improvement of the VWILP solution over the Benders solution, or
vice-versa if the figure is negative. Only in two of these results does VWILP
beat Benders (A > 0); on the five smallest problems neither algorithm domi-
nates the other. However, a different picture emerges when we compare times
taken to find near-optimal solutions. The graphs in Figure 2 compare the con-
vergence of the two algorithms on three instances: 1, 10 and 20. In each case
VWLIP finds better solutions than Benders for most of the time: that is, if
the algorithms are halted at a randomly-chosen time, then VWILP is likely
to return a better solution than Benders. VWILP is therefore superior as an
anytime algorithm, that is an algorithm that returns the best answer possible
even if it is not allowed to run to completion, and may improve on the answer
if it is allowed to run longer. Anytime algorithms are a pragmatic approach to
time-critical optimisation problems.

Table 2. Results with three templates

Benders VWILP A%

No | N S Scen cost opt time cost opt time cost
1] 3 6 10 | 295.50 n 68 | 285.00 ? 160 3.68
213 9 10 | 305.50 n 110 | 285.00 ? 440 7.19
314 2 10 | 309.00 n 3600 | 307.50 ? 2100 0.49
4| 4 3 10 | 462.00 n 110 | 310.00 ? 99 49.03
5| 4 4 10 | 465.00 n 440 | 310.00 ? 690 50.00
6| 4 5 10 | 481.00 n 180 | 365.00 ? 310 31.78
714 6 10 | 805.00 n 1100 | 307.50 ? 1600 | 161.79
8| 4 7 10 | 464.50 n 1100 | 312.50 n 230 48.64
91| 4 8 10 | 471.00 n 1600 | 312.50 n 390 50.72
10| 4 9 10 | 775.00 n 1500 | 310.00 ? 3100 | 150.00
11| 4 6 11 | 770.00 n 620 | 333.00 ? 87 | 131.23
12| 4 6 12 | 747.25 n 630 | 361.75 n 3300 | 106.57
1314 6 13 | 557.00 n 290 | 372.00 72200 49.73
14| 4 6 14 | 522.25 n 420 | 393.50 ? 1300 32.72
15| 4 6 15 | 531.25 n 410 | 407.00 ? 570 30.53
16 | 4 6 16 | 544.25 n 820 | 428.25 7 2900 27.09
17| 4 6 17 | 526.50 n 300 | 399.50 n 2200 31.79
18| 4 6 18 | 512.75 n 220 | 375.75 ? 3000 36.46
19 4 6 19 | 530.75 n 620 | 399.25 n 880 32.94
20 4 6 20 | 547.25 n 660 | 408.00 n 2900 34.13

Next we increase the number of templates to three and repeat the experi-
ments, with results shown in Table 2. Benders finds these problems much more
difficult, and after an hour the quality of its solutions is poorer than before.
In contrast, VWILP finds better solutions than before. (We do not know the
optimum solutions to these problems, but with more available templates the
optimum solution quality is obviously at least as good.) Finally, we increase
the number of templates to four and repeat the experiment again, with results
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Figure 2. Convergence on instances 1, 10 and 20

shown in Table 3. Benders now performs even worse than with three templates,
while VWILP performs almost identically. These results clearly demonstrate
the superior scalability of VWILP.

There is another difference between Benders and VWILP that is not ap-
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Table 3. Results with four templates

Benders VWILP A%

No [ N S Scen cost opt time* cost opt  time cost
13 6 10 295.50 n 860 | 285.00 ? 470 3.68
213 9 10 545.00 n 82 | 286.00 n 3100 90.56
31 4 2 10 | 2128.00 n 2100 [ 310.00 n 35 586.45
41 4 3 10 468.00 n 1100 | 307.50 ? 2300 52.20
514 4 10 | 3478.00 n 0.0 | 310.00 ? 210 | 1021.94
6| 4 5 10 481.00 n 93 | 365.00 ? 430 31.78
714 6 10 855.50 n 650 | 307.50 ? 950 178.21
8|1 4 7 10 | 2563.00 n 140 | 312.50 n 1700 720.16
91 4 8 10 | 3478.00 n 0.0 | 312.50 n 320 | 1012.96
1014 9 10 | 3476.00 n 0.0 | 310.00 ? 2200 | 1021.29
11| 4 6 11 770.00 n 3300 | 335.00 n 1700 129.85
12| 4 6 12 | 1569.50 n 380 | 357.00 n 1900 339.64
13| 4 6 13 557.00 n 1500 | 372.00 ? 1200 49.73
14 4 6 14 522.25 n 2200 | 393.50 ? 1100 32.72
15| 4 6 15 531.25 n 2200 | 407.00 ? 2700 30.53
6| 4 6 16 | 2003.75 n 220 | 433.25 n 2400 362.49
171 4 6 17 526.50 n 1500 | 397.00 ?7 3200 32.62
18] 4 6 18 512.75 n 1100 | 379.50 n 1500 35.11
191 4 6 19 530.75 n 3600 | 399.25 n 780 32.94
20 4 6 20 | 1747.50 n 170 | 411.75 n 650 324.41

2 In three Benders-instances, {5,9,10}, the initial feasible solutions, which are prac-
tically found at ¢ = 0, could not be improved at all in the allowed 1-hour solution
time

parent in our tables and graphs. Benders tends to make large improvements
in quite regular steps, whereas VWILP makes many small improvements in
rapid bursts. For problems in which the initial upper bound is very high this
is a drawback with VWILP, though our use of a zero-production policy upper
bound helps significantly. SAT algorithms have been developed for problems in
which feasibility is hard to establish, but more optimisation-oriented heuristics
might accelerate convergence.

6 Conclusion

We presented a new ILP model for a problem in production planning under
uncertain demand, designed specifically for use by local search algorithms.
We then described a local search algorithm for ILP called VWILP, based on
a state-of-the-art SAT algorithm, and applied it to our model. On smaller
problem instances it was beaten by the best known Benders’ Decomposition
method when used to find known optimal solutions, but was superior when
used as an anytime algorithm to find near-optimal solutions in a limited time.
Moreover, on larger instances it scaled far better than Benders, and is the
only practicable approach we know of for finding high-quality solutions to
such problems. Because VWILP is a general-purpose algorithm it can also
be applied to other problems, as long as they can be modelled as ILP. We
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therefore propose it, and similar future algorithms, as general-purpose tools
for production planning and related problems.

Modelling is more of an art than a science, and a good model for one algo-
rithm may be very poor for another. The ILP we used was poor from both
the branch-and-bound and constraint programming points of view, because
it is a highly-symmetric big-M formulation. However, it turns out to be very
well-suited for local search. There are interesting modelling issues here, and
a detailed study of alternative models for local search seems overdue (in the
spirit of Ormond and Williams (2004) for example). Little research has been
done on what makes a good model for local search, but for first attempts along
these lines see Prestwich (2003), Prestwich and Roli (2005).

In future work we intend to generalise VWILP to handle continuous vari-
ables and non-linear constraints, so that more compact and natural problem
models can be used. Non-linear constraints often arise naturally when trans-
forming probabilistic problems to deterministic ones, so this will enable us to
experiment with more interesting production problems.
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